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Dilute, three-dimensional ring: repeat and
extend Goldreich and Tremaine’s calculation of
the relationship between optical depth and
coefficient of restitution.

Dense, two-dimensional ring: introduce and
interpret a simple numerical simulation of the
flow around a moonlet in the absence of
gravitational interactions between the moonlet
and the disk particles and between the disk
particles.



Velocity distribution function: f(C;X,t)dcdx

number density: n(X,t) = _[ j Lf (C; X, t)dc

Averages: <\|/> = i” wadc

mean velocity: U= <C> = U(X,t)
velocity fluctuation: C=c—-u=C(X,t)

second moment;: K = <C 0% C>

T=tr(K), KzK—%Tl

third moment: Q= <C XC® C>
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Balance equations

mass: p=mn=p,v, v=nd’n/6
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Explicit form

f(c;x,t) = (8 In()l/z exp(—%C- Kle, K= det(K)
I



Collisions

¢, and c, pre-collisional velocities, C; and C,

post-collisional velocities, unit vector K directed
from 1 to 2, coefficient of restitution e, relative
velocity g = C, —C,, unit vector J in the plane of

g and K, perpendicular to k.
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Total change of second moment
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Collisional production of second moment

[C®C]= —m ]| Afif,d(g-k)dkdcde,
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Second moment

a=(K,-K,)/2T, B=|(K, +K,)/2T -1

Cylindrical polar: r, ¢, z
COSy =€, €,

1+ B+ocos2y a.sin 2y 0
K=T o.sin 2y 1+B—acos2y 0
0 0 1-28

Nearly homogeneous

o, B and y constant; T =T(z), v=v(z), u=u, =u(r)



Balance equations at lowest order

u(r) =Q(r)r, Q(r) = (Gi\/lj
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Eigenvector basis
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Integrate the last over z:

Sa
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cos2y =

Integrate the 1sotropic part over z:
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Using this, the 33 component is

(I-e)tr(A) =-7;,

With the last two, the difference between the 22
and 11 components 1s

3?33 (1+B) = OL(Yzz _yn)



Approximate
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Solve the last two balance equations for a and 3
iIntermsof e=1-e¢
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Lowestorderine: B=5¢/14and o= (58)1/2 /2



Limitations

S5a
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with
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implies that

€<0.3688

or e>0.6312 (0.6270)



Isothermal
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Optical depth
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v(z) and T(z)
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Differential Equations

®’ =T/T, F=v/v, £=Qz/T"
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Initial Conditions

®0)=1 ®'(0)=0 F(0)=1
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6/7 Lindblad resonance
Ty, =4nR’ [ pK dz=1.13x10" m* s
Mass density

=2 j: pdz =300 kg m™
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Shock Waves around a Moonlet in a Planar Ring

Steady, homogeneous energy balance:

—P,y+I'=0
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Dimensionless ring temperature T" =T /(yd) versus
area fraction v
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Isentropic Sound Speed
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Mach Number
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Mach Number M
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Mach number M =u/a, with a* =(p/dp) ,
normalized by dimensionless vertical displacement,

*

y =y/d, versus sound speed
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Simulations

Two-dimensional flow of identical, frictionless,
circular disks

Event-driven simulations of hard-particles

Homogeneous Hill equations

2
Y 1 20% 302y -0
dt dt
2
SR Yok A
dt dt

Time made dimensionless by €, lengths by d

moonlet diameter D

Parameters: D/d, e, v



Radial Direction (Particle Diameters)
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Particle velocity

D/d=25,v=0.5,e=0.3
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D/d=30, 25, 15, 10 with e=0.3 and v=0.5
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e=0.3, 0.5, 0.6, 0.8 with D/d=25and v=0.5
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v=0.7, 0.5, 0.3 with e=0.3 and D/d =25
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