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Introduction

« Relativistic hydrodynamics for a perfect fluid is widely and successfully
used in the RHIC phenomenology. T. Hirano, D.Teaney, ...

« A growing interest in dissipative hydrodynamics.
hadron corona (rarefied states); Hirano et al ...

Generically, an analysis using dissipative hydrodynamics is needed
even to show the dissipative effects are small.

A.Muronga and D. Rischke; A. K. Chaudhuri and U. Heinz,; R. Baier,
P. Romatschke and U. A. Wiedemann; R. Baier and P. Romatschke (2007)
and the references cited in the last paper.

However,

is the theory of relativistic hydrodynamics for a viscous fluid
fully established?

The answer is

No!

unfortunately. Cf. T. Hirano's talk



Fundamental problems with relativistic hydro-dynamical
equations for viscous fluid

a. Ambiguities in the form of the equation, even in the same frame and equally

derived from Boltzmann equation: Landau frame; unique,
Eckart frame; Eckart eq. v.s. Grad-Marle-Stewart eq.; Muronga v.s. R. Baier et al

b. Instability of the equilibrium state in the eq.’s in the Eckart frame, which affects
even the solutions of the causal equations, say, by Israel-Stewart.
W. A. Hiscock and L. Lindblom (85, '87); R. Baier et al ('06, '07)

c. Usual 1st-order equations are acausal as the diffusion eq. is, except for
Israel-Stewart and those based on the extended thermodynamics with relaxation

times, but the form of causal equations is still controversial.

---- The purpose of the present talk ---

For analyzing the problems a and b first,
we derive hydrodynaical equations for a viscous fluid from Boltzmann

equation
on the basis of a mechanical reduction theory (so called the RG method) and

a natural ansatz on the origin of dissipation.
We also show that the new equation in the Eckart frame is stable.

We then proceeds to the causality problem..




The separation of scales
In the relativistic heavy-ion collisions

Liouville :> Boltzmann

Hamiltonian /\

——> Fluid dyn.

/ /\ Navier-Stokes ethﬁ

/)

—

Slowey dynam| [s

on the basis o] the R¢/method; chq |-Goldenfeld-Oono('95), T.K.('95)

C.f. Y. Hatta and T.K. (02),

K.Tsumura and TK ('05)

Hydrodynamics is the effective dynamics of
the kinetic (Boltzmann) equation in the infrared refime.



Geometrical image of reduction
of dynamics

X
dX
— =F(X) n
l dim X =n
B S(¢

=G(s) ( ) Invarian{ and attractive manifold

M {X|X =X(s)}
<
0O M dimM=m<n

dims=m
eg.

X = f(r,p) ; distribution function in the phase space (infinite dimensions)

s ={u”,T,n} ; the hydrodinamic quantities (5 dimensions), conserved quantities.



Relativistic Boltzmann equation

2 a.u fp( ) = C[ﬂp{fﬂ}v
Collision integraks), () = Z Z Z (v, pilp2, p3) (£rs () fpu (@) = (@) s (@),

Symm. property of the transition probability:

W(p, pilpa, ) = wlpa, palp, 1) = wlo, pips, ) = wlos, palpr, ) — (1)
Energy-mom. conservation; «w(r. pilp2. ps) o 6‘1[p+;m — P2 —Pp3) - (2)
Owingto (1), 3 0l =3 ¥ 55 3 5 X 5 % i L
w(@, pilp2, p3) (»upm + 051 (&) — @pa(@) = opa())
(fpo( ) Foa (2) — fpl) fplu-))]. (3)
Collision Invariant ¢»(+): )" T op(x) C[f]p(x) = 0.

Eq.’s (3) and (2) tell us that :

the general form of a collision invariant; ¥p(Z) = a(x) + p" Bu(z),
which can be x-dependent!



Local equilibrium distribution

L,
The entropy current:  S*(z) =~ pild fplz) (In fp(z) — 1)
P
OuSH(z) =~ ) iDC[f]p(I) In f,(z).

Pp

Conservation of entropy  ——  1n f,(z) = a(z) + p* Bu(z).

1 Ir) — MAHE
fp ()C) = 2 exp [p(l) Tg)u“(r)] = (=)

i.e., the local equilibrium distribution fn;

(Maxwell-Juettner dist. fn.)

Remark:
Owing to the energy-momentum conservation,
the collision integral also vanishes for the local equilibrium distribution fn.;

CLf,"1(x) =0.



The standard method

---Use of conditions of fit ---

_ 1 folz) = fO2)+ 6f,(x
on = u, Z F;}‘ c’if,;.] — . P p plT)

| P

de = uy, Z j%p“ " f:_lfp] i, = 0.

| P
Moreover,

o AHY Sar ARV
vt = App 0Ny = A

1 _
Z P 8fy| =0

p

For, particle frame

LiL

For, energy frame Q" = Apyp 6T, uf = Al

1 .
; Z FFJFPP‘J}fF' u? =10

p



Previous attempts to derive the dissipative
hydrodynamics as a reduction of the dynamics

N.G. van Kampen, J. Stat. Phys. 46(1987), 709
unique but non-covariant form and hence not

Landau either Eckart! Cf. Chapman-Enskog method to
derive Landau and Eckart eq.’s;

Here, see, eg, de Groot et al (‘80)

In the covariant formalism,
in a unified way and systematically
derive dissipative rel. hydrodynamics at once!




Derivation of the relativistic hydrodynamic equation
from the rel. Boltzmann eq. --- an RG-reduction of the dynamics
K. Tsumura, T.K. K. Ohnishi; Phys. Lett. B646 (2007) 134-140

c.f. Non-rel. Y.Hatta and T.K., Ann. Phys. 298 ('02), 24; T.K. and K. Tsumura, J.Phys. A:39 (2006), 8089

Ansatz of the origin of the dissipation= the spatial inhomogeneity,
leading to Navier-Stokes in the non-rel. case .
a,“ would become a macro flow-velocity «=== Coarse graining of space-time
a;; may not be y*
ata’

— M
TE T ot =g -, =AY, e T of
0 1 p
—_ H = H H 1 1 1% a 1% . . .
5 = 3% 9, = D, time-like derivative A o = — A¥ 9, = V* space-like derivative

P

Rewrite the Boltzmann equation as,

0 1 1
> 5 filr,0)=

C T,O)— -V, (T, o
p-a, [.ﬂp(a ) p-a,pp fp(: )

L perturbation

Only spatial inhomogeneity leads to dissipation.

RG gives a resummed distribution function, from which 7 and N* are obtained.
Chen-Goldenfeld-Oono(’95), T.K.('95), S.-l. Ei, K. Fujii and T.K. (2000)



Examples

0 =0
| (— a,g‘ — ut
9, Jhydm 0 p = nT
ALJHE _ —CATX 20 XE a—v @ satisfies the Landau constraints
~TAzhX# a=4.
uué‘T”V—OuﬂAwé'T”V—O
X = —V,ut, P
- u, 0N =
Xy =V, InT—-h"V,In(nT),
1 2
I_r_‘_:_.- — E(-lﬂpll:!-:l"l_-&pg&pp_Eiﬁp-&m)?pua.

T =eutru” — (p+ CX) AP + 2 X
n’l
€+ p

Landau frame
nd Landau eq.

Nt =nut — A XH,



with the microscopic expressions for the transport coefficients;

Bulk viscosity = —— Z — [, £ 1
. . l l
Heat conductivity A= ~3 73 Ef;‘q Q5 LN Qg
rg
Shear viscosit 11 | T ——
y n = _ﬁ? ﬁfﬂqnp E;—.qﬂpuq

Pq

Lpg = fj'-?-ﬂ 1|qu <:9 -independent

1 o
E_ Z Z Z []MP p1lpa, pa) fp] (‘qu 'ﬂ'F'Hi' ﬂpzq ":'F'E'i')
o Py

c.f. qu - T—"'g
P

In a Kubo-type form, (a,"=6,")
1 e
¢ = 7 [ 4s(110), 1))
)

V= —pgm [ 4s(Q40), Que))eg
n = IDTf ds { II*¥(0) , HPFI[E}}

C.f. Bulk viscosity may play a role in determining the acceleration
of the expansion of the universe, and hence the dark energy!



d t
Eckart (particle-flow) frame: @

Setting af, = P_ﬂuF

THY =(e+3¢X)u" v’ — (p+ CX)AY £ AT w* XV + AT u" X* + 2 X+

[N with { = _[1/3(4/3—~)112V . u
l.e., dN* = 0

o H
L uy u, 5T =0, 2 Wik Grad-Marle-Stewart
Eckart’s constraints : 2. uy, dNF =0, <:> 2. @ INF =0, onstraints
3. Ay dNY =0, 3. AR INY = 0.

c.f. Grad-Marle-Stewart equation;
TH = _3(3T'Cr+ 1)1 Cur uw’'V uturTA (% VT — Du"') +u’TA (% VAT — Du")

+ 25
aN* = 0.

1 2
- (VFu” + vt — SAMY. u) + (BT Or +1) CA™ V - u,



The stability of the solutions in the particle frame:
K.Tsumura and T.K. (2008)

(i) The Eckart and Grad-Marle-Stewart equations gives an instability, which has been
known, and is now found to be attributed to the fluctuation-induced dissipation,
proportional to Du”

(i) Our equation (TKO equation) seems to be stable, being dependent on the values of

the transport coefficients and the EOS.

The numerical analysis shows that, the solution to our equation is stable
at least for rarefied gasses.

A comment:

our equations derived by the RG method naturally ensure the stability
of the thermal equilibrium state;

this is a consequence of the positive-definiteness of the inner product.
(K. Tsumura and T.K., (2011)), PTP, to be published.



Il Second-order equations and moment method

Purpose:

(i)  The RG-method incorporating the first fast mode leads to
the extended thermodynamics/I-S equation,
with new microscopic formulae of the relaxation times.

(i) On the basis of this development , we propose a new ansatz
for the moment method as a rapid reduction



Geometrical image of reduction
of dynamics

Stochastic hydro through X
ﬁ = F(X) Zwenzik,Mori-Fujisaka, Kawasaki proj.

mrthod. R"
l dim X =n

_ s(?)
=G) Invariany and attractive manifold
M {X|X =X(s)}
— <
O M dimM=m<n

dims=m
eg.

X = f(r,p) ; distribution function in the phase space (infinite dimensions)

s ={u”,T,n} ; the hydrodinamic quantities (5 dimensions), conserved quantities.



A drawback in the moment method: ambiguity
Boltzmann eq.: P Oufp(z) = Clflp(2)

; ey = A 1 T - _
duNt(z) = Bﬁlz }%P“fp{rjl =0, T (x) = Oplzp: 11yppp fp[i)‘| =0,
P
1 1
a;{z ST fp[:r)J =% 8 - i) N-th moment
p

P

Making &—ansatzs for f_p in a truncated function space,
f p can be determined in a nonperturbative way.

BUT! In an ambiguous way
l - 1 L4 L il
By lz L ﬁpfp[-’v)] =Y 0" - P Ky Clfl()
P \ P

Arbitrary!



Results from the RG method (Tsumura, Kunihiro, in preparation)

Eg. in the energy rame

Eqf Yy (T “(I} P H{TJ
folz) = f;r{(i.‘) (1 + 6B, (x)), fpilz) = (27 )~ exp [—T{;rj -‘
'5{1)?3(-8 = pq (L‘ ( q{ ?3 ( ) + Jq'u[::cj J,Lr,[rj Ll T‘—'tqw(;r} 7‘—;“/(1'))
L ) = fed— l [:' eq
pa(T) P 3fq [flp fe(z)
|f=rea()

I, (z), J5(x), 7*(x) are microscopic dissipative flows:
I, = (i —7) (- w?+ (( =) Th=7T) (p-u) - %m?-.

3
JE = —((p-u]—Tﬁ)ﬂ”“pw
ﬂ.ijw = AMVPC pppow
S 1 i LI
c.f. Israel-Stewar 585 (2) =~y (Tp(@) TH) + 7 (2) Ju(2) + 7 () muw (1)

: , 11 L
Denicol et al (2010) 976 = 75 5y (@) @) + 7 @) Ju(@) 7 ()7 (2))

Our formulas:
X 1 - 4= 1 _
¢ = o (L L) = — (I, £71),, Where,
)\T]{ — 3;‘_”? {'j;t ‘ L1t j,r.r, y — - 1 . [ JH £t -jr,r.c -‘:I(_\-q' (II, J*, ) = (IO, J&, 7)) /(p - u),
27z J _' . : lear Lo — Lo l(p-
_HT]{ - _ 1 [ FHY L_l oV =_ 1 [ rHY f-_l T '} . ol )
107 - ' - 10T " ' # fea (P, ¥) =2, 70 (p-u) f5h@p Uy



Results (cont'd)

Relaxation times:

FTK _(1_:[-.15_21_:[3'_
" (T, L-111)
JTK _ _({F“L_zj}t}
4 (Jv, L-11],)
7K _ (7 LT R )
T {.'v":"]._ L_lﬁpg}
In terms of the clorrelation functions:
Def. (= (OO
Ra(s) = —37 ((0), Ju(s))
1
R {S = —— (7" 0).-?1—”/ § -
n(8) IDT{ ( uv(S)) . ﬂ]lds S Re(s)
Then, N ™M T T e
CTK _ f ds R¢(s). Jo ds Re(s)
e JTK ﬁ]ldS s Ra(s)
V= 0 ds Ra(s), ’ ﬁlde Ra(s) |
K lds R, (s) TR _ f(] ds SRHI:SJ.
0 ’ j:u ds R,(s)

!
A natural results! K. Tsumura and TK, in preparation.



IS and Debicol et al

Y % ' LIS 1
IS 1 {Tr“b » Wab ) eq { G Jeq IS _ (Y T ) I | St t
e o= — . , Te = 77 W —
10T (el L7t ) (777 Lpe ). srae ewar
]_ {' ﬁ—ﬂb T b ‘:= ! .|-l|-‘—l':'l'_1‘.l .ﬁ- d ‘:: I:l f -ﬁ-# 15 ) .ﬁ-'r-“j ':.r D " I t I
TFD — _ r lab feg \ -- cd [eq Ty = — "I,rJG' I \ . enico e a
1[] T {l T':r(‘f . I: :'Tef ‘:'t.’.‘l.'] \'. T ] TTPJ .'qu

both of which do not include the second and higer order terms in the coll. op.
Lpg = (p-u)Lpg

The ratios of rel. time and transport coeff.:

grk = MK 1 (A% L'y (7%, L Fea)

T T IR T 10T (7ef, L2 7e5) '
— — b — Il el — A

45 _ ?FID B 1 (7™, map }Cq {me » Ted ) oq

v T TS T 10T (mef | mep) '
D

o M b o

-'"-jr = 5 = ﬁ W M /s

If the mom. dep. of the crosssection is
neglegible, Denicol will be fine.

Ritz— Galerkin approx. e LT
| ."j.'r ot _]_'[}T (Rl . “F“” = i_r -,4— -'j.'T .

Is valid. Then Denicol et al formulae OK
But I-S not.




Brief summary

The RG method was used to derive covariant rel.

diss. Hydro. Eq. in a generic frame.

Our equaions ensure the stability of the thermal

eqg. state.

We extended to the case of the second order.

We proposed a new ansatz for Maxwell-Grac
moment method on the basis of the RG resu

ts.

We have clarified the approximate nature of
and Denicol et al formulae.

S
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Basics about rel. hydrodynamics

1. The fluid dynamic equations as conservation (balance) equations

ON'=0, i=1,...,n, local conservation of charges
aI" =0, v=0,...,3 . local conservation of energy-mom.

2.Tensor decomposition and choice of frame
y* ; arbitrary normalized time-like vector u-u =1

Def. space-like projection A" = g —u"u”, A™u, =0, APAT = A

NH =, uf g .—— space-like vector space-like traceless
L ' tensor
THY — e ulu? p‘j,uy + q,u 2 + Ig{zf--_wr_nt + it

n; = N;-u ; net density of charge i in the Local Rest Frame

v = A*NY ; net flow in LRF
e = u, T"u, ; energy density in LRF » = _—T#”’_ﬂ.p,,, Isotropic pressure in LRF

¢" = A" T.5u” ; heat flow in LRF

1 .
—.i,'!.'uy.ﬂ&_;g] Tcs;j'

1
7 LiLs — - ‘ﬂ,tt‘ﬂz.a' ‘ﬂﬁt‘ﬂu) _
L [2 ( aBg T [ s 2

- stress tensor in LRF



Grad-Mueller type eq.

a .
En-l—‘?-[nuj = 1,
a . . L
mnau"—l—mﬂuaﬁu"' = —VI(pd" + 2w,
a . - T 1
nsetnu-Ve = _VHT AT —2ynik Xk _pW.u, p=nT & e=3/2T
T T, (%+u-?)ﬁ‘j+fﬂ&iﬂ"m*?mik = —IE+I:§;‘%H?TM+IEI&J;‘,
J 4715 (%Jru-v)iwfhvmﬁmf = XU XiElgH L xik gk,
e T d 2nTy 2NTx
ijkl _ © i )
Xex = 4?3{[5;@( )tV ()
v 1 ¢ d w1 g4 ! g
n) -~ = . Ty = (= . (u,1) . gkl
+A40) - (af—l—u V)n+ AL T(&f—l—u V)T +AlD Y u]&

+_4-;r1;2; &i_jﬂ‘tﬂ &uﬂkif:iﬂ_F Blrl:rjgﬁ-i._}ma ianki Wmn}

with the vorticity, etc

B 1 R
ks e

(V™™ — Vhy™),

]

B | =



ijk
X's J

ikl
X,.frr

e
o
I

_r
45

+(A]

{7 (%)

T T T 1 m
“) + B }( +u-V)u™ + (A% + B ]} Vn+ (A7) + BY) Z VT

ﬂi‘-jmk } .

(IV.141)
1 T
{70
+{A'{“J [“J}( 1o - v)u -I—[z’-ll:n} (ﬂ]} ?mﬂ+{AET}+E{T}] ;va ﬂimkl}1
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I'Di'j'{ﬂ , OU } IDT?}{f .f }
1
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