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n-dimensional spherical volume

we know for cases n = 1,2, 3, n-dimensional spherical volumes of radius R are 2R, mR2, %TFRS, respectively.

Now, we assume for some n-dimensional spherical volume V,,,
Vo, = Vo(R) = oanR" (1)

where «,, is some constant.

Then, n+1-dimensional spherical volume V;,;1 would be given as,
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By letting x = R cos § with integration domain from 6 = 7 to § = 0,
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Since the integral part is the function of 8, we could make our step one more forward to find the volume of n+2

in the similar way to the previous step.
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Here we introduce Wallis cosine formula! such that
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where I'(z) is a gamma function? with a property I'(z + 1) = x I'(z).
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Therefore, to satisfy our assumption Eq.1, we must have a recurrsion formula
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Here we made a trick n — n — 1 for later convenience.
Now we observe this Equation.14 by separating n into two cases such that n is even or odd.

Case : n is even
Let n = 2k then
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1See http://mathworld.wolfram.com/WallisCosineFormula.html
2See http://mathworld.wolfram.com/GammaFunction.html
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At this moment, we introduce a proparty of a gamma function® such that, for m = 1, 3,5, ...,
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By comparing Eq.18 and Eq.19, we could say k = (m — 3)/2, or m = 2k + 3 and k + 1 = (m — 1)/2. Therefore,

Eq.18 becomes
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Next,

Case : n is odd

Let n = 2k + 1 then
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For an integer m, I'(m) = (m — 1)!. Therefore, Eq.25 becomes
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Surprisingly, Eq.20 and Eq.26 agree. Thus, for any natural number of n, we have

71.(n+1)/2

On+1 T((n+3)/2)

Finally, after playing index tricks on Eq.27, combine Eq.1, we derive n-dimensional spherical volume as

7.‘.n/2 N
Vi = I'((n+ 2)/2)R

3See Eq.54 of http://mathworld.wolfram.com/GammaFunction.html
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